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Abstract

The motion of spinning test particles along circular orbits in static vacuum
spacetimes belonging to the Weyl class is discussed. Spin alignment and
coupling with background parameters in the case of superimposed Weyl fields,
corresponding to a single Schwarzschild black hole and a single Chazy—Curzon
particle as well as to two Schwarzschild black holes and two Chazy—Curzon
particles, are studied in detail for standard choices of supplementary conditions.
Applications to the gravitomagnetic ‘clock effect” are also discussed.

PACS number: 04.20.Cv

1. Introduction

The study of spinning test particles in general relativity started long ago after the pioneering
works of Mathisson and Papapetrou [1, 2]. The standard model for the description of spinning
test particles in general relativity is actually known as the Mathisson—Papapetrou model and
it consists of a set of 10 partial differential equations for 13 unknown variables needed to
describe the spinning test particle, i.e. the (timelike) generalized 4-momentum of the particle
P, the (antisymmetric) spin 2-tensor S and the unit timelike vector U tangent to the worldline
used to perform a multipole moment reduction, truncated to the first order to define a spin
structure for the particle. To complete the scheme three further conditions relating P, S and
U are necessary and there exist natural choices for this, widely discussed in the literature
[3-5]. Detailed studies concerning spinning test particles in general relativity are due to
Dixon [6-10], Taub [11], Mashhoon [12, 13] and Ehlers and Rudolph [14].
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Recent claims concerning the various couplings between spin and rotation [15], spin and
acceleration [16] have sparked new interest and motivated further investigations from both the
theoretical and experimental points of view.

In this paper we study the motion of spinning test particles on circular orbits in static
vacuum spacetimes belonging to the Weyl class [17, 18], with explicit examples for one-body
and two-body solutions consisting of Schwarzschild black holes and Chazy—Curzon particles,
and compare the results obtained by using different supplementary conditions, generalizing
the pioneering work of Tod, de Felice and Calvani [19], and the most recent work by Bini,
de Felice and Geralico [20, 21].

The paper is organized as follows. In section 2 we review the properties of timelike
spatially circular orbits followed by non-spinning test particles in axisymmetric static vacuum
spacetimes [22]. The Mathisson—Papapetrou equations of motion for spinning test particles
in circular motion are introduced in section 3, assuming constant frame components for the
spin tensor with respect to a frame adapted to the symmetries of the spacetime. The solution
is then characterized in the subsequent subsections in terms of the various possible choices
of Corinaldesi and Papapetrou, Pirani and Tulczyjew supplementary conditions; the limiting
situation of small spin is described too. In section 4 the so-called gravitomagnetic ‘clock
effect’ due to the difference in the arrival times of two oppositely rotating orbits is deduced
when the motion is confined on particular symmetry hyperplanes. Finally, applications to
specific Weyl spacetimes are discussed in section 5, in order to make the whole treatment
more concrete.

In what follows Greek indices run from O to 3 while Latin indices run from 1 to 3; the
spacetime metric signature is +2 and geometrized units are used such that both the velocity of
light in vacuum c and the gravitational constant G are set equal to one.

2. Vacuum Weyl spacetimes and circular orbits

Spatially circular orbits are most important in astrophysics; therefore, we judge it useful to
make available all the geometrical properties of those orbits in the Weyl class of spacetimes.
As is well known, axisymmetric, static vacuum solutions of the Einstein field equations can
be described by the Weyl formalism [17]. The corresponding line element in Weyl canonical
coordinates [18] (x° = ¢, x' = p, x> =z, x> =¢) is

ds? = —e?V dr? + 2V [dp? + dZ?] + pPe 2V dop?, 2.1

where the functions i and y depend on coordinates p and z only. The vacuum Einstein field
equations reduce to the following:

1
w,pp + ;wp + wZZ =0,

2.2)
2 271 _ _
Vo — p[lv/f,p - wz] =0, Yz — Zpllf,pw,z =0.
It is useful to introduce the orthonormal frame
¥
e
e =e", e, =e’779,, e:=¢e’7y, ey = —0s, (2.3)
P
with dual frame
o =¥ dt, o’ =e"Vdp, o =e"Vdz, w? = pe Vde. 2.4)

In metric (2.1) let us consider a family of test particles spatially moving along the ¢ direction
with constant speed; the (timelike) 4-velocity U associated with a generic orbit within the
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family is the following:
U=T:[0,+¢0g] = yuln + vegl = coshan + sinhozed;, 2.5)

where n = ¢; denotes the 4-velocity of the standard family of static observers; y, = —U -n =
(1 —v?)7!2 =T, ¥ is the Lorentz factor and ¢, v or « are respectively the angular velocity,
the speed and the rapidity parametrization of the whole family. They are all constant along
the orbit and satisfy the mutual relations

v=eYp¢ =tanha. (2.6)
I"; is defined by the timelike condition U - U = —1 as
-2 2 2 2.2 -2 eV
I =g,,+§g¢¢:—e‘//+§pe—1//:_7, 2.7)
Moreover, the physical dimension of ¢ is [length]’l, while v, y, and I'; are pure numbers®.
For later purposes, it is useful to introduce the (spacelike) unit vector E; orthogonal to U
in the (7, ¢) plane, obtained by boosting e in the local rest space of U
_ - _ 12 - 1e¥
E; =T[0 +50p] = yu(vn +ey), I =T, [E] , CZ——?, (2.3)
sothat Ej - Eg = land Ej - U = 0.
It is worth noting also that the case of null orbits for rotating photons corresponds to

e
Coun: = iT, Vnaii+ = E1. (2.9)
The non-vanishing components of the 4-acceleration a(U) = Vy U of U are given by
P eV 7 4y, 2,2 2 Y—y. 2 v?
aU)" = =50, +p787) = pl7l =" Ty (¥ = —(U = p¥,) |,
e — p3¢ o
(2.10)
f vy SR 22
P oy
alU)y =e w,zm =e" Ty, (T,
They all have dimensions of length~!. The absolute value of the acceleration is
2 ) 1/2
k= la@)l =e"7"y; [(w,p - a- px/f,p)) +yi(+ ”2)2} : 2.11)

and it is symmetric as a function of v; one can also introduce polar coordinates in the
acceleration plane (k, x)

3 . (1 +v?
a(U)? =k cos x, a(U)t = csin x, tan x = I/’*;E LN (2.12)
Vo — 7(1 —pV¥,p)
so that the unit vector aligned with the acceleration is
€] = Cos y e, +sin ye:z, (2.13)

and x (depending on v or «) is constant along U: dx /dty = 0. Moreover both the unit vector
associated with the spatial 3-velocity of the particle U with respect to static observer n

(U, n) = ey, (2.14)

8 The relative dimensions of the 4-vector U vary with the components consistently with the dimensions of the
corresponding coordinate basis vector. Hence [U’] = 1 and [v?] = [length]_l. In an analogous way, the
4-vector n = e~V 9, has for its only component the dimensions [n'] = 1. From the above it follows correctly that
[yl = [V U'] = 1.
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and (minus) the unit vector associated with the spatial 3-velocity of the observers n with
respect to particle U

[—d(n, U)] = E; 2.15)

can be used to define the relative curvatures [23-26] of the orbit of particle and observer. This
can be done by evaluating the derivatives along U of the relative velocities unit vectors
Ded3 DE F;

) ) 2.16
d‘L’U d‘L’U ( )

which, in the spacetime metric under consideration (only), both belong to the (p, z) plane,
and define in turn the centripetal acceleration
Dqu — a(Centrip) (217)
d‘EU
and the centrifugal one

% — _a(Cemrif)‘ (218)
d'L'U
For a complete discussion about centripetal and centrifugal forces in general relativity see
[23-26], where the original definition uses a rescaling of (2.17) and (2.18) by convenient
factors of y, and v. Here we do not want to enter the discussion of what is the more
appropriate definition of centripetal and centrifugal forces; therefore, these factors will not be
introduced. The result is

'S =y, vkiey

where kgicy = —V In(,/g¢4), with components

_, 1—p¥ _
Kgieyp = —€” yTp, Kaiey: =€V 7y, (2.19)
or, by using a polar representation for ki),
. pYv,;
kicy s = K(lic) COS X(lic)> kicys = K(liey SIN X(lic), tan x i) = —————. (2.20)
plﬁ,p -1
Moreover’
. DE; 2 —1
_a(Centrlf) — ¢ — _el/f—yynzv |: Pllf,p e + 2’#,162] ) (221)
dry P

The discussion presented above is quite standard now and it follows the notation of [24].
Special orbits can be selected so that

C—i”-—ii——m S - o 2.22
LS a— ) 0 ETE Ty, o O

9 The relative dimensions of the 4-vector Ej vary according to its components. Specifically we have from its
definition [E(%] = 1 and [Eg] = [length]™'. However the dimensions of the 4-vector DE¢3 /dty depend on the

combination of the components of U, E; and the connection coefficients which appear in the covariant derivative; it
turns out that the only non-zero components are

DE& [ DE43 <
d‘L’U ’ d‘CU

and both have dimensions of [length]_z.
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which permit the component a (U )? to vanish; the quantities I'; and a(U )? then become'”

1— 12 .
r, =e L=pvp | aUY|,_, = R L P
1—2pv, §=tx 1—2p¢,
Finally, by using v+ and k;e) the components of the acceleration can be cast in the form
a(U)p = kaieypvy (V> — v3), a(U): = kieyzv, (1417, (2.24)
with the magnitude « (see equation (2.11)) given by
2 1/2
i = v ko2 (V2 = v3)’ + kaio2(1 +v9)?] 2, (2.25)
and the relation between x and xic) which becomes
14?2
tan ¥ = ——— tan x().- (2.26)
V2 — i

Along each circular orbit one can set a Frenet—Serret (FS) frame [27] with ¢ = U and
e1, 2, e satisfying the system of evolution equations

Dey De,

— = Key, — = Kept+ 1167,

d‘[U d'L’U (2 27)
D€2 D€3 '
— = —T1€1 + The3 — = —Te

d‘EU ’ d'L'U ’

where e is given by (2.5), e; is given by (2.13), e, = dU /da = Ed3’ e3 = —de;/dy and

1d 1 d 1 d d
poodde__Lde L xde 2.28)

2 do 2y2 dv 2 da 2y2 dv

Using (2.25) and (2.26) the latter become
4 k2

vy, (lie)

T = —— |: 2,0 (1)2 — Ui) + 2k(lie)§(1 + 1)2):| y
oL vE (2.29)

Kot akpion »
5y = vy Kok (| 2y

with ¥+ = 1/+/1 —v2. The dual of the chosen FS frame {0, ®', w?, ®?} in terms of the
frame (2.4) is given by

o’ =-U", o' = cos xo’ +sin yo’,
(2.30)

o = E; = yn[—va)f +w?), ® = sinxwﬁ — cos Xa)z.

We also note that the spatial FS frame ey, e, e3 rotates with respect to a Fermi—Walker
transported frame along U with angular velocity

wFs) = T1€3 + 7€y, (2.31)

which has magnitude

(lie

X )% 1/2
logs) |l = |v|y3[ y4” +4k(1ie)§:| . (2.32)
+

A discussion of special orbits and their FS characterization can be found in [22].

10 The further requirement a(U)? = 0 (and so ., = 0) gives the conditions for circular geodesics. These geodesics
become null at the radius such that ¥ , = 1/2p.
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3. Spinning test particles

The Mathisson—Papapetrou equations of motion for a spinning test particle are given by

DPH _ _lRM ﬂUvSaﬁ = F(spin)u (31)
dry 2

Ds#Y

G = PP, (3.2)

where P* is the total 4-momentum of the particle, and S*” is a (antisymmetric) spin tensor;
U is the timelike unit tangent vector of the ‘centre line” used to make the multipole reduction.
Equations (3.1) and (3.2) define the evolution of P and S only along the worldline of U, so a
correct interpretation of U is that of being tangent to the frue worldline of the spinning particle.
In this case, both U and P are linear combinations of Killing vector fields; this property leads
to a big simplification since all the FS intrinsic quantities of the worldline U (curvature and
torsion), the magnitude of P, the FS frame components and the algebraic invariant of S, namely
§2 = %S wSH”, and other kinematically relevant quantities, will be (covariantly) constant along
U.

Following the analysis made in [20, 21], contracting both sides of equation (3.2) with U,
one obtains

DSHY
P =—(U-PU*-U, =mU" + P, (3.3)
d'L’U
where m is the particle’s bare mass [20, 21]. Equation (3.2) implies
S;qg = 0, Sﬁg = O, k(]ie)ﬁ[viSﬁ + Uqug] + k(lie)g[s'af — USM;] =0. (34)
The spin tensor then takes the form
S = ALSpa’ + 85001+ A S50 + Sige?). (3.5)

It is clear from (3.3) that P; is orthogonal to U; moreover it turns out to be also aligned
with E
¢

Py =mEy, (3.6)
where m; = || Ps|| is given by
mg = )/n{k(lie)ﬁ[l)s’gf + viSM;] + k(lie)i[‘)Sﬁf — Sﬁ(ﬁ]} (37)
From (3.3) and (3.6) the total 4-momentum P can be written in the form P = uU,, with
V+mg/m Yn
Up = ypler +vpesl, Vo = T g w= y—p(m +vmg) (3.8)

12 . . . . .
and y, = (1 — vlz,) 2 Since U » 18 a unit vector, the quantity 4 can be interpreted as the total
mass of the particle in the rest-frame of U,.

Let us now consider the equation of motion (3.1). The spin-force is equal to:

- 202
F(spm) = Vn{Sﬁf |:a/3k(lie)ﬁ — k(]ie)%(l + Ui) + ﬁk(]ie)g}
+

kiie)s

5 } = (Sz —vSs4)
+

+ USﬁgﬁ |:—8/3k(1ie)ﬁ + k(lie)fﬁ +

2 2.2
Kaieys K{iie) T 2Kaiie) 5V ] }e
)

x| —0pkieyz + PK Jieykie): +
[ Ry TS R
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Y (S5 — vS,55) | Bkt +
I {( ot p¢)[ 2K (lie) p Kiiorp T+v2

k(ne)%v“ —k i 2
pUE (lie)
+ 8z |:82k(lie)2 - ———L———— | = vS:4| d:kqie)z

2 2.0
Kieyz K{iie) + 2K iie) ﬁv:l:i|

1+v2
k ie 2 — k ie 2 V2
+( (1 )p (; )z) + e, (39)
1+ Vi
while the term on the left-hand side of equation (3.1) can be written, from (3.3) and (3.6), as
P Dqu
— =ma(U) + my , (3.10)
d'L'U d‘EU
where a(U) = ke; and DE(,;/drU = —71je; + Tye3 are given in (2.27), and the quantities

W, m, my are constant along the worldline of U. Hence equation (3.1) can be written as!!

0 = (mk — my1))Ccos X +mTysin x — FgSpm),

. (spin) (3.11)
0 = (mx —my7y)siny —myrpcos y — F; 7,
or, more explicitly,
0=1y2 [m(v2 — vi) +m L] kicyp — FUPm
- K ie) p ) P
" Vi ! (3.12)
0= ynz[m(l + vz) + 2ms\1]k(he)2 — F;Spm).
It is useful to introduce the quadratic invariant
§2 = %S,LUS’“ = _S,éi - Szzi + S;(ﬁ + qug- (3.13)
From equation (3.5) and by using the relations
a)f:y,,[—Ub+vE;], o’ = cos xw' +sin xo’,
. ; ) R . ] 3 (3.14)
o? = y,[—vU +Eq3], w° = sin xo' — cos xw’,

where ' and @® are defined in equation (2.30) and X" denotes the 1-form associated with a
vector X, one has the relation

b b b b
S = vu[(Spr +VS;0)U° A’ + (vSs + S;5)0” A E;
b 4 4 b
+ (S5 +VS8:5)U" A + 1Sz + Sap)0” A Ed;]. (3.13)
Since the components of § are assumed to be constant along U, then from the FS formalism

one finds

DS
— —=mE. AU, (3.16)
d'L'U ¢

or, from equations (3.2) and (3.6),

Py =m,E,, (3.17)
with
mg = —yu{[(t1 +kv) cos x — o sin x ]Sy + [(vT) + &) cos x — Vo sin X]Smg

+[r2cos x + (71 +kv)sin xSz + [vra cos x + (71 + k) sin x 1S54} (3.18)

1 Equivalently, in the FS frame, one obtains: 0 = mk — ms7) — Fl(Spm), 0=m;1r — Fz(Spm).
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To discuss the features of the motion we need to supplement equation (3.11) with further
conditions. We shall do this in the next section following the standard approaches existing in
the literature:

1. Corinaldesi—Papapetrou [3] conditions (CP): S = 0,
2. Pirani [4] conditions (P): S#U, = 0,
3. Tulczyjew [5] conditions (T): S*¥ P, = 0.

The above supplementary conditions are necessary but somewhat arbitrary. The aim of
our analysis is also that of comparing the physical implications on the motion of a spinning
body by each of those conditions and identifying the most significant one.

Since our general analysis leads to rather general complicated expressions we shall specify
the general equations to the particular case of hyperplanes characterized by ke ; = O (and so
0pkicys = 0 = 0:kie) p t00), namely confining ourselves to the mirror symmetry hyperplanes
such that v ; = 0, which exist for many interesting solutions. In this case, the circular orbit
with v = vy (¢ = ¢4) is geodesic. Now constraints (3.4) become

v

Sig = 0, Sp: =0, Sps = —5 54 (3.19)
Vi
the quantity m defined by (3.7) can be written as
ms = Yukaiey5[VSpi + V1 S54]: (3.20)

and the spin force (3.9) simplifies as follows:

F(Spin) = y,,{Sﬁ;[aﬁk(lie)ﬁ — k(]ie)%(l + l)i)] + vSﬁ(ﬁ[—aﬁk(ﬁe)ﬁ + k(ﬁe)é]}eﬁ

kiiey 5 v kie) 5 V3
+Vn ng agk(he)g — W — I)Sz(ﬁ 82]((116)2 + W e:. (321)
Recalling conditions (3.19), the equations of motion (3.12) reduce to
%
0= Yn |:I’I’l(l)2 — Ui) +m571| k(lie)ﬁ — {Sﬁf[alak(ne)ﬁ — k(lie)%(l + Ui)]
+
+ I)Sﬁé[—aﬁk(he)ﬁ + k(lie)%]} (322)

1
0= )/nvszqgagk(he)g [1 + —2i| .
Vi

The latter equation implies S;; = 0, since 9:kgic)z 7# 0 in general, and so S;; = 0 too.
Therefore, the spin tensor turns out to be completely determined in this case by two components
only, namely S;; and S,;, related by the first equation of (3.22).

3.1. The Corinaldesi—Papapetrou (CP) supplementary conditions

The CP supplementary conditions require S;5 = 0 = Sz, so that

§=38cp A w?, Scp) = Sﬁéwﬁ + Sfang. (3.23)
From equation (3.7) we have that
Syil
ms = [Kaieyv3 — kaio): ]; (3.24)
K (lie)

the spin force (see equation (3.9)) is given by

F(spin) = 5% v]_-(Riem)7 (3.25)
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where F®ie™ does not depend on s and v:

F(Riem) 1 1 9.2 2 g K(Zlie)k(“e)% k 1
= —— ==k K Koy s+~ | pkgieys + — | § €5
K (ic) 2 P (lie) (lie) * (lie) p k(lie)ﬁ (lie) p 1+ V:Zt p

1 1 2 2
o =5 2Kie) * Kiioykioz f €z (3.26)

Now, by solving the first equation of (3.12) with respect to s once equations (3.25) and (3.26)
have been used, we get

2 2.2 .2 (Riem) 71
myy (1)2 _ \)2) [y_n k(he)ﬁvi k(h&)g .7:/3 i| ’

s=— - 3.27)
v 2 K (lie) kie) p

and the corresponding solution for v =
the second equation of (3.12):

N k(li )%
JV:I: = :i:{—l + k(ne)ﬁ(l + Ui) {321((2113) — 2k(lie)£ [% + 2k(lie)§

v, is obtained by substituting equation (3.27) into

+
2 3 —1) 12
K7 Kieys 1
2 2 (lie) (lie) 2
X { ktie) p 02K (i) — Kitie)20pK (jiey + Zm [Pkaie)ﬁ + m} } ,
(3.28)

Obviously, by introducing this value of v into the previous equation (3.27), we get the solution
s as a function of p and z.

As anticipated, let us now consider the case of circular orbits on mirror symmetry
hyperplanes characterized by kgic)s = 0. The spin tensor is written as

S =sw’ Aw?, (3.29)

being Scpy = sw” as from equations (3.4), (3.13) and (3.23), and the first of equations (3.22)
reduces to

22y, SV Vi o
O:m(v _U:i:)+_ Bﬁlnk(ﬁe)ﬁ—k(ne)ﬁ 1 ——2Ui . (330)
Vn Vi
By solving this equation with respect to s, we obtain
2_ .2
s=ml = — (3.31)
V=95 Inkqie 5 + kaiieyp[ 1 — 2511 ]
Y+
In the limit of small s, the preceding expression leads to
1 kie) 5
v =Hvg +N(CP)S + O(Sz), N(CP) = — |:—8/3 In k(lie)ﬁ + L ez)p] . (3.32)
2y Yi
The corresponding angular velocity ¢ and its reciprocal are
e (CP) 2 1 1 e (CP) 2
=2+ —N"s+0(s9), —=x— - —SN"Ys+0(7), (3.33)
0 ¢ e pgd

the metric function v being evaluated on the symmetry hyperplane under consideration. The
total 4-momentum P is given by equation (3.8) with

my = $Yukgie) V1. (3.34)
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In the limit of small s the linear velocity v, reduces to

k ie) b V2
vy =2 + NP5+ 0(?), NP = O 2090 = (3.35)
m Y+
The corresponding angular velocity ¢, and its reciprocal are
1 1 e
4

eV
¢y =Ftu + —NPs+ 0(s?), — =+
P - 1Y r &y S+ pgzzt

NEPs +0(s7). (3.36)

3.2. The Pirani (P) supplementary conditions

The P supplementary conditions (S*"U, = 0) require

Spi +Sp5v =0, Sz + S350 =0, (3.37)

so that
b 1 . .

S = 8(1)) N E(ﬁ’ S(p) = ;[Sﬁd;a)’u + Siqga)z]. (3.38)

From equation (3.7) we have that
2
mg = —s§ );” [k(lie)%(vz — vi) + Zyik(“e)g(l + Vz)] (339)
y§2
with
Ktio)2 V2
Q= 2 s akg?| (3.40)
Vi '

the spin force (see equation (3.9)) is given by
F(spin) — SynZVf(Riem) , (341)
where F®Riem does not depend on s and v; then

. 2 1
_7:(Rlem) — 5 { _Fk(lie)ﬁa[)k(lie)/ﬁ — 2k(lie)28,5k(lie)2 + 2:0"(211e)k(lie)§
+

2+\)3E 5 5+vi(4+3u§E 2 k(lie)g}
en

L et T T ke + ———
22 s 2(1+03) "R 0T ke
2 1 1 2
+ =1 — 5 kaie)p Ozkqier p — 2kiieyz Azkqiierz + —5Kaie) 5K atiez (€2 (342)
Q v: Vi

Now, by solving the first equation of (3.12) with respect to s once equations (3.41) and (3.42)
have been used, we obtain

| kz J,,_.(Riem) -1
2(,,2 2 1 278
s =-—my,(v-—v — VY,V , (3.43)
( ) [Vi Q2 Kaie p }

and the corresponding solution for v = *vy is derived by substituting equation (3.43) into the
second equation of (3.12):

kaieyp (1 +v3)

172
2 1

g =1 -1+ |:_4k(lie)232k(lie)2 — —5kaie)p 9Ky p + —4k<1ie)fsk(1ie)2]
Vi Y+

k(li )%
D=2 [— y;p + 2kiie) | zKqiiey p + 2Kciie) pktierz (Vi — 3) Dzkqriey 2

+
4
1 k(lie)2 k(lie) b
L+vi kaioyp | v4

—(3vi+7)(1+ vi)k(ne)ék(ne)g - 4k(ne)g] . (344
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Let us now consider the case kic): = 0. The spin tensor is written as
S =sw’ A E; (3.45)

being S(py = s as from equations (3.4), (3.13) and (3.38), so that (Ssts Sﬁé) = (—=SYuV, SVu)
and equation (3.22) reduces to

2
0=m(v —vi)+sv {23,3 Inkgieyp — Kie) 5 [2 +vi+ ”—"2(1)2 - vi)i| } . (3.46)
Vi
By solving this equation with respect to s, we obtain
v? — 2
g + , (3.47)

v —28}5 In k(lie),é + k(he)ﬁ[Z + Ui + ;”2 (1)2 — vi)]

2
+

In the limit of small s the preceding expression leads to

1
v=dv + NPs+0(s?), N = —ﬁ[zaﬁ In Kgiey p — kaiiey p (2 +v3) |- (3.48)
The corresponding angular velocity ¢ and its reciprocal are
eV 1 1 e
¢ =4+ —NPs+0(s?), —=2— - —NPs+0(7). (3.49)
o ¢ {r p&x

The total 4-momentum P is given by equation (3.8) with
my = —synzk(he)ﬁ[vz — vi], Vv, =V+ 0(s?). (3.50)
The angular velocity ¢, and its reciprocal are

2 1 1 2
Lp=C+0(7), — =—-+0(s), (3.51)
& ¢

with ¢ given by equation (3.49).

3.3. The Tulczyjew (T) supplementary conditions
The T supplementary conditions (S*" P, = 0) require

Spi +Ss5vp =0, Sz + Sppvp =0, (3.52)
so that

N A 1 N .
S =S A vpl—vpo' + 0], Sy = y—p[sﬁéwﬂ + Sap0°]. (3.53)

From equation (3.7) we have that

ms = _syj\yp [k(lie)fs(wp — 1) (v = vpul) +kaiof (v +v,) (1 +vw))] (3.54)

where
A = [kaio 2 (v = vpv2)” + kaio 20 +v,)2] % (3.55)
the spin force (see equation (3.9)) is given by

F(spin) = 5% ypf(Riem) , (3.56)
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where F®ie™ does not depend on s (but it depends on v in this case):

V+Vp

FRiem) — _ {(V — vV )kaie) p9pkie o + (V + 1)Ktz iey 2

2
v—vpvi[
v+,

1 2 1 2 2
— v |1+ stV [vit ——
v+, 1+vi 1 +vi

i| }k k ) v+ Vp k(lie)g .
(lie) pR(lieyz — p
< 1+ UZZE k(lie),é

2 2 2 3
- pK(ne)k(lie)g(V +v,) — v+ 1)[,(1 + Ui)]k(lie)ﬁ

2 2
+v v + ——
I)|: * 1 Uzzi:

v+,
A

{(V — vV )Kaie) 5 0:kaie 5 + (V + Vp)K(tiey: 0zK ez

— k(lie)%[k(lie)/za(v - vai) + kiiey: (v — Vp)]}€2~ (3.57)

Contrary to the previous cases, the T supplementary conditions imply that F®P™ does not
depend linearly on v. This makes the properties of the circular motion of the spinning particles
much richer but also less tractable analytically. Solving both equations (3.12) with respect to
s using (3.56) and (3.57), we find that the following relations hold simultaneously,

) (Riem) !
_ Vo 2 2 Vo o - ’7:/3
s_—m—(v —vi) S ving —

Y Vi kiie)
o (3.58)
’ FSRlem)
s = —my—(l +v?) | 2y v — = ,
Vp K iieyz

where the quantity 71, stands for 7ing = m/(sy,y,). By eliminating s, we have that v, must
satisfy the following equation:

Av> +Bv, +C =0, (3.59)
with
A = [(U2 — V:zl:)vik(lie)'zé + (1 + Vz)k(lie)g]k(lie)ﬁ32k(1ie),5
’ 2
; 1+v
+k<1ie>,23 [_—2 + 2vi] kie)z 92k gieyz — Ktiey2 [—Vi (2 + "i) ——k (he);
Vi 1+vy
1 +v?
+ (21}21)3E +307 + l)k(ne)fsk(ne)% + k(lie)gl—z]
+vi
B U2 — \)2
= = |:72ik(lie)?s —2(1+ v2)k(ne>§] Kiiey p 9K lie) p
v Vi

+k(lie)%3[3 (U2 — Vi) — vzvi + 1]k(1je)gagk(he)g
2
V.
+ Koy 2 { ﬁ{p +v1(2+03) v+ (24 v3) (1 + v ke

2 2 2, 2 J1+07
+ (1 + v )(3 + Vi)k(lie)/jk(lie)z + 2k(lie)§ Pa—
1 + U:l:



Spinning test particles in Weyl spacetimes 1175

C
—a = [(v* = v2)kaieys — (1 + v )kqie3 |Kctie) s O:ktie) 5

+k(lie)%[2v2 — vi + 1]]((113)332]((“3)2

. k(ne)zz ([ = (1+ vi)z]vz —vi(2+ Ui)}k(lie)%
1+ Vi

+(1+v3)[v7 + 203 + 3]kaie) 5kaie)? + ka2 (1+ 1)} (3.60)

Let vi® be the solutions of equation (3.59). By substituting v, = v(® into either of the

equations (3.58), we obtain a relation between v and s, which must be considered together

with the following further equation directly descending from the definition (3.8) of v,:
s=-m—2 Y . 3.61)

YuVplits(L—=vvp) |, e

As a result, solutions for both quantities v and s can be derived explicitly. They are very

complicated and poorly illuminating, hence let us consider the case kgic)» = 0. The spin

tensor is written as

S = s’ A yp[—upa)i + a)i’], (3.62)
being Sy = sw” as from equations (3.4), (3.13) and (3.53), so that (Sp15 S59) =

(=sypvp, syp) and equation (3.22) reduces to

2
0= m(v2 — vi) +sﬁ{(v +,)05 Inkgieyp — k(lie)ﬁ[v + v,,(l + vi) + v%(vvp — vi)i| }

n +
(3.63)
By solving this equation with respect to s, we obtain
2.2
s=mlm V"l (3.64)
2 Vi 2
Yo —(v+ Up)aﬁ lnk(lie)ﬁ + k(lie)ﬁ[V + Vp(l + V:l:) + vy—'i(vvp — U:t)]
Recalling its definition (3.20), m; becomes
my = —syu¥pkaie s[Vv, — V1], (3.65)
and using equation (3.8) for v,, we obtain
m 1 V=, (3.66)

s = N
)/n)/p k(lie)ﬁ (l — vvp)(vvp — Vz)

this condition must be considered together with equation (3.64). By eliminating s from
equations (3.64) and (3.66), and solving with respect to v,, we have that

\)(i) _ l 3vvik(he)ﬁ + \/G
P 2 (1 +v2 4+ Vi)k(lie),é — 3/3 In k(he)/j

kiiiey 5 :
v = {21)3’5 lnk(he)f, _ )b [Ui (V2 — vi) + V2(2 + Vz)]}
v

kaie);

222 =02 [P0+ ad) +ut]. (3.67)

v

By substituting v, = v{* for instance into equation (3.64), we obtain a relation between v
and s. The reality condition of (3.67) requires that v takes values outside the interval (v_, ,),
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1/2
E[E + ./ 22 + 24]((116)331)1] + 4’k(lie)%vi

kiey 5 (35 Inkticy p — kqiiey p) (3.68)

with

»15

vy ==+

Y= 23ﬁ In k(lie)ﬁ — k(ne)ﬁ(2 + Vi);

moreover, the timelike condition for |v,| < 1 is satisfied for all values of v outside the same
interval.
A linear relation between v and s can be obtained in the limit of small s:

v=dv +NDs+0(s?), ND = NP, (3.69)
From this approximate solution for v we also have that

v =4v + NDs +0(s%), (3.70)
and so the total 4-momentum P is given by equation (3.8) with

v, = v+ 0(s%). (3.71)

The angular velocities ¢, ¢, and their reciprocals coincide with the corresponding ones derived
in the case of P supplementary conditions (see equations (3.49) and (3.51) respectively).

4. Clock effect for spinning test particles

As we have seen in all cases examined above, when the circular motion of spinning test
particles is considered on particular symmetry hyperplanes corresponding to the condition
kgicyz = 0, the orbits are close to a geodesic (as expected) for small values of the spin s, with

L = ii =+ |s|Tsc, 4.1)
§sc,+,4) Cx
where
eV
Tsc = —— NGO, (4.2)
pEE

Equation (4.1) identifies these orbits according to the chosen supplementary conditions, the
signs in front of 1/¢4 corresponding to orbits which co/counter rotate with respect to a pre-
assigned sense of variation of the azimuthal angle ¢, while the signs in front of s refer to a
positive or negative spin direction along the z-axis; for instance, the quantity ¢(p + ) denotes
the angular velocity of U, derived under the choice of Pirani’s supplementary conditions and
corresponding to a co-rotating orbit (+) with spin-down (—) alignment, etc. Therefore one can
measure the difference in the arrival times due to the spin after one complete revolution with
respect to a static observer, i.e. what is called the gravitomagnetic ‘clock effect’. This effect
has already been studied in Schwarzschild and Kerr spacetimes [20, 21]. The coordinate time
difference is given by:

1

+
Sscat) Ssc—h)

Atryiopy =27 ( ) =4n|s|Tsc, (4.3)

and analogously for At _._ _y. This time difference can, in principle, be measured giving
some hints for the whole model of spinning test particles in general relativity. In the next
section we shall give explicit examples for superposed Weyl fields corresponding to Chazy—
Curzon particles and Schwarzschild black holes. The values of Js¢ for the Weyl solutions
here examined are explicitly listed in the following section.
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5. Applications

Our aim now is to apply the theory developed in the previous sections to the static vacuum
spacetimes belonging to the Weyl class and representing the field of a Chazy—Curzon particle
or a Schwarzschild black hole, as well as superpositions of them. We shall identify the whole
class of spatially circular orbits compatible with given values of the spin s and the linear
tangential velocity v. We also find for each of the circular orbits the parameters which allow
one to evaluate the clock effect which has a direct physical meaning. Most of the results,
however, will be discussed with the aid of plots because of the very long formulae involved in
the treatment of such solutions.

Let us start by describing solutions belonging to the Weyl class [17, 18] and representing
superpositions of two or more axially symmetric bodies. In general these solutions correspond
to configurations which are not gravitationally stable; this fact is revealed by the occurrence of
gravitationally inert singular structures (‘struts’ and ‘membranes’) that keep the bodies apart
making the configuration stable (see, e.g. [28] and references therein). In what follows we list
the metric coefficients for the examined solutions as well as the relevant quantities to evaluate
the clock effect on the mirror symmetry hyperplane (kie): = 0), as pointed out in section 4.

1. The single Chazy—Curzon particle. A single Chazy—Curzon particle is a static
axisymmetric solution of Einstein’s equations endowed with a naked singularity at the
particle position [29-31]. The Curzon metric is generated by the Newtonian potential of
a spherically symmetric point mass using the Weyl formalism; the metric coefficients in
(2.1) read

M, 1M2 2
pomMe o IME L gma e
C C
We obtain
M. 12
S
p— Mc
2
NP _%%}év_i 35 Qp—Mo) (5.2)
m p= y+
Vi C
so that
gep o LML
2m p? '
);:l: ) (5.3)
= ——+2
Jp = TJcry+ |:Vi Mc ]

2. Superposition of two Chazy—Curzon particles. The solution corresponding to the
superposition of two Chazy—Curzon particles with masses Mc and mc, and positions
z = 0 and z = b on the z-axis respectively is given by metric (2.1) with functions

¥ = Ve + Ve, Y = Yo+ Yo, +vec, (5.4
where V¢, yc are defined by equations (5.1), while
2 2
mch 1 me'O
= — s = —— s R = 2 + —b 2 5.5
Ve, R, VG, 2 RE c =Vp +(@z—D) (5.5
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and ycc, can be obtained by solving Einstein’s equations (2.2):

meMC p2 + Z(Z — b)

=2 +C. 5.6
JZeleN 2 R, Re (5.6)
The value of the arbitrary constant C can be determined by imposing the regularity
condition
lim y = 0; 5.7
p—0

however, it cannot be uniquely chosen in order to make the function ycc, vanish on
the whole z-axis: a ycc, # O gives rise to a conical singularity (see, e.g., [32, 33]),
corresponding to a strut in compression, which holds the two particles apart. The choice
C = 2mc, Mc/b* makes ycc, = 0 only on the segment 0 < z < b of the z-axis between

the sources. In the following we use C = —2mc, Mc /bz, that makes ycc, = 0 on the
portion of the axis with z < O and z > b.
We obtain
M 1/2
vy = 34p ,
R2(R — 4Mc¢) + 4Mcb?
2 3,2 1/2
A€P) _ v, Ry [R*(16M¢ — 3b%)
2m p 4Mc(R? — b?) ¢
o AR (R=2Me)+Mch’]
212722 12 ¢
— 16MEL* (2R — b%)] =8 , (5.8)
AP — AP RAY(3R? +32ME — 6b%) — 12Mc(R? — b*)(R? +4Mcb?)
R4(16Mé — 3b2) — 16M2Zb2(2R? — b?)
—1/2
o PO S
4Mc(R?* — b?)

where R = /4p?% + b2, so that
Tem = 1 ) R3vi
T om 4Mc(R2 — b?)

o #E TR (RA2Me) ~Mch?]
X 9

1/2
} [R*(16M¢E — 3b%) — 16MEL*(2R* — b%)]

RO
59
7 RY(3R? +32M¢E — 6b) — 12Mc(R? — b*)(R? + 4Mcb?) 69
roer RH(16M2 — 3b%) — 16M2H*(2R? — b?)
R3 2 —1/2
VP A _
4Mc(R? — b?)

3. The single Schwarzschild black hole. The Schwarzschild black hole solution is generated
by the Newtonian potential of a line source (a homogeneous rod) of mass Mg and length
2L (with the further position L = Ms) lying on the axis and placed symmetrically with
respect to the origin:

1 [RI+R] —2Ms 1 [(RE+RY) —AME
Ys=sIn| ——F—7——|, ys=;In e )
Ry + R +2Ms 2 4RTR;

> (5.10)
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where

RE =/p2+ (z + Ms)2. (5.11)

The more familiar form of the Schwarzschild solution in Schwarzschild coordinates
(t, 1,0, ¢) is recovered by performing the coordinate transformation

p =+/r2—2Msrsin0, z = (r — Mg) cos@. (5.12)

We obtain
12
M
vy = | —— ,
PP+ M — Ms (5.13)
2
NEP) — g NP 3 Ms 1
' 2mvi p3
so that
31
Jcp =0, Jp=-—. (5.14)
2m

Note that in this case no clock effect is found if the CP supplementary conditions are
imposed.

4. Superposition of two Schwarzschild black holes. The solution corresponding to a linear
superposition of two Schwarzschild black holes with masses Mg and mg, and positions
z = 0 and z = b on the z-axis respectively is given by metric (2.1) with functions

Y = vYs+ s, Y =V¥s+ Vs, +Vssy (5.15)
where Vg, ys are defined by equations (5.10), while
_ \2
” _lln|:R§+R2—2msb:| s _lln[(Rth) —4m§b:|
2 | RI+R;+2 ’ ) 4RIR; ’
1 2 TRy +2mg, 2% (5.16)
Eq+ o Eq- 2+
yss, = L 1n [#} 4C. Euiss = p+ RERE+ 7575,
2 LEaomEa-2)
where

Ry = Vp2+(Zf)2, Ry = Vp2+(zzi)2’ (5.17)
ZF =z Ms, Zy =z — (bFms,).
The function ysg, is obtained by solving Einstein’s equations (2.2). The value of arbitrary
constant C can be determined by imposing the regularity condition (5.7); we make the
choice C = 0, so that the function yss, vanishes on the portions of the z-axis outside the
sources (that is, for z > b+ ms, and z < —Ms).
We obtain

Ms(R. +R_)]‘/2

vi=i4p|: B
1

CP) Ms b* — 4M; Bs
N = —768p— 5 T o 2 4 3/2,.1/2°
m (Ry+R_+4Ms)*[(4p2 +b% + R, R_)> — 16MS] BB}
NEP 4p2 + b2 + R, R_)? — 16M¢ R2R? By B)*

N(P) = s 3/7
2 b — 4Mg (1+v3)* Bs B}

(5.18)
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Figure 1. In the case of CP supplementary conditions, the spin parameter § is plotted as a function
of the linear velocity v in the case k(i) = O at a fixed value of the radial distance p = 4, for the
single Chazy—Curzon particle (Mc = 1), two Chazy—Curzon particles (Mc = 1 = mc,,b = 3)
and two Schwarzschild black holes (Ms = 1 = mg,,b = 4) respectively. The values of the
geodesic linear velocity v4 corresponding to the given choice of the parameters are v+ ~ +0.577
(case (a)), v+ ~ £0.834 (case (b)) and v+ ~ £0.746 (case (c)) respectively.

@
>
¢

20 10

417208 ~0.6°<04 -02' 0] 02 04 o.

6.-0.4 02 0] 02 04 o%o\éj

—10

Figure 2. In the case of P and T supplementary conditions (see (a) and (b), respectively), the spin
parameter § is plotted as a function of the linear velocity v in the case k(jic)z = O at a fixed value of
the radial distance p = 4, for the single Chazy—Curzon particle (Mc = 1, and so vy ~ +0.577).
The shaded region in the T case contains the forbidden values of v (the limiting values are given by
by &~ £+0.413). We avoid showing the behaviour corresponding to the other solutions, since they
are qualitatively the same. We remark that our treatment loses its validity for high values of the spin
parameter; hence, the plots of (@) and (b) should be truncated within the range § € [—€, €], € < 1
a dimensionless parameter denoting somehow the physical region.
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1
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—0.417T"
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-0.87

304
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Figure 3. In the case of the single Chazy—Curzon particle, the linear velocity *v. for co/counter-
rotating circular orbits and the corresponding spin parameter § are evaluated on different planes
z = const, and plotted in (@), (¢) and (b), (d ) respectively as functions of p (and Mc = 1), for both
CP (see (a), (b)) and P (see (¢), (d)) supplementary conditions. A choice of values of z different
for each plot has been made for the sake of clarity. Solid, dotted and dash-dotted lines correspond
to z = 1, 3, 8 respectively in (a); solid, dotted, dashed and dash-dotted lines refer to the choices
z=1,2,3,5in(b)and z = 1, 1.2,2, 5 in (¢); in (d) we plot only the case z = 3 as an example,
with solid and dotted lines referring to co/counter-rotating orbits respectively.

where the quantities R+ and B; (i = 1, ..., 4) are defined by
R = [4p° + (b £ 2M5)*]'?,
B = RyR_[RiR_ +4p> +b* — 4M3| — 16Msp* (R, + R_),

B, = By — 16Msp* (R + R_),
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0.2 | z=4 2=2

0.2
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-0.6§
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(d)

Figure 4. In the case of two Chazy—Curzon particles, the linear velocity vy for co/counter-rotating
circular orbits and the corresponding spin parameter § are evaluated on different planes z = const,
and plotted in (a), (¢) and (b), (d) respectively as functions of p (and Mc = 1 = mc,, b = 3),
for both CP (see (a), (b)) and P (see (¢), (d)) supplementary conditions. Solid, dotted, dashed
and dash-dotted lines correspond to z = 2,4, 5.5, 9 respectively in (@), z = 2, 5, 6.5, 8 in (b) and
z =2,3,5, 8in (c); solid, dotted and dash-dotted lines refer to the choice z = 4, 5, 8 in (d).

—16Msp*[RIR% +4Mgb*|(Ry + R)* + RyR_{—256 M3 p°b*
+(Re +RO[RIR? —32M3p* (207 +4M3)+4 M5 (b* +4MD* — 16M3)]
+2Msb(Ry — RO)[RIR? + 16M3 p* — 8M3 (b* — 2M3)]}.

8Msp?[(Ry+ ROPR.R- +16Mgh*] + (R + RO[—RIR? +32(b* — 2M5) p*
— 16b*p*(b* — M) +2(b* — 4M3) (b* — 8MY)]

—2Msb(R, — RO[RIR? +2(b* — 2M3)(4p” + b* — 4M3].

B3

By

(5.19)
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Figure 5. In the case of the single Schwarzschild black hole, the linear velocity ‘v for co/counter-
rotating circular orbits and the corresponding spin parameter § are evaluated on different planes
z = const, and plotted in (a), (¢) and (b), (d) respectively as functions of p (and Ms = 1), for
both CP (see (a), (b)) and P (see (c), (d)) supplementary conditions. Solid, dotted and dash-dotted
lines correspond to z = 1, 3, 8 respectively in (@); solid, dotted, dashed and dash-dotted lines refer
to the choices z = 1,1.6,3,5in (b) and z = 1, 1.2, 2, 5 in (¢); in (d ) we plot only the case z = 3
as an example, with solid and dotted lines referring to co/counter-rotating orbits respectively.

Thus we get

P b? — 4M? 1 Bs 1
LT (Re+R2 = 16M2 (4p2 + b2 + R,R_)? — 16M2E (B1By) 2 R+ R_
_ Jep (407 + D>+ RyR)? — 16ME RPR2 By By?

J, 472 (5.20)
P 2 b2 — 4MSZ (1 + 1):2‘:)2 Bs 33/2

1
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Figure 6. In the case of two Schwarzschild black holes, the linear velocity *vy for co/counter-
rotating circular orbits and the corresponding spin parameter § are evaluated on different
= const, and plotted in (@), (¢) and (b), (d) respectively as functions of p (and
Ms =1 =ms,, b =4), for both CP (see (a), (b)) and P (see (c), (d)) supplementary conditions.
Solid, dotted and dashed lines correspond to z = 3,5, 8 respectively in (a), z = 3,6, 8 in (),
z=23,5,8in(c)andz =5,6,8in (d).

planes z

Figures 1 and 2 show the behaviour of the spin parameter § as a function of the linear
velocity v in the case kie); = O for a fixed value of the radial distance p and for each choice

of supplementary conditions. The spin parameter § = %|§| = =£|s

/(mup) is defined as the

signed magnitude of the spin per unit (bare) mass m of the test particle and u = Mc or u = Mg
of the Chazy—Curzon particle(s) or Schwarzschild black hole(s). The symmetry hyperplanes
lie at z = O in the case of one-body solutions, and at z = b/2 for equal masses M| = M,
in the case of two-body solutions, with the bodies located at z = 0 and z = b on the z-axis.
As we can see in figure 1 the CP supplementary conditions appear inadequate since they lead
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to unphysical situations. In all cases considered, in fact, spinning particles at rest (v = 0)
require an infinite spin; moreover circular orbits with an infinite spin are also found close to
a geodesic (§ = 0) in both the single and two Chazy—Curzon particle solutions. The case of
a single Schwarzschild black hole is somehow particular, when CP supplementary conditions
are imposed: in fact, as widely discussed in [20], the only physical solution corresponds to
v = vy and § arbitrary.

Despite the formal complexity there is no significant difference among the solutions
we have considered in the behaviour of the spin as a function of the speed in either P or T
supplementary conditions, in contrast with the CP case; thus, it is enough to show the behaviour
referring to the single Chazy—Curzon solution only (see figure 2). As we can see, only the T
supplementary conditions provide physically significant (§ — v) plots for any value of the spin
. In this case, in fact, the spin § is always bounded; however, the request of smallness for its
magnitude can also give restrictions here, in order to model realistic situations.

About the general case (kgie)2 7 0), the behaviour of the linear velocities *v4 for
co/counter-rotating circular orbits and of the corresponding spin parameter § is shown in
figures 3-6, in the case of CP (figures 3-6(a) and (b)) and P (figures 3-6(c) and (d))
supplementary conditions, as functions of the radial coordinate p and evaluated on different
planes z = const. In the case of T supplementary conditions, the relations defining the
quantities vy and § are known only implicitly by means of equations (3.58) and (3.61). The
usefulness of the plots in figures 3—6 is that of providing the values of ‘v or that of the spin s
necessary to have a circular orbit at any given value of p for fixed z.

6. Conclusions

Spinning test particles in circular motion in static vacuum spacetimes belonging to the Weyl
class have been discussed in detail in the framework of the Mathisson—Papapetrou approach
supplemented by standard conditions. In the limit of small spin and on particular symmetry
hyperplanes, the orbit of the particle is close to a circular geodesic and the difference in the
angular velocities with respect to the geodesic value can be of arbitrary sign, corresponding
to the two spin-up and spin-down orientations along the z-axis. For co-rotating and counter-
rotating test particles both spin-up (or both spin-down), a non-zero gravitomagnetic ‘clock
effect’ appears. Here co-rotation and counter-rotation is meant with respect to a preassigned
sense of variation of the azimuth ¢. Applications to specific static Weyl spacetimes,
corresponding to a single Chazy—Curzon particle and a Schwarzschild black hole as well
as to two Chazy—Curzon particles and two Schwarzschild black holes, are discussed (mostly
with the aid of plots) for the standard choices of supplementary conditions.
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